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Abstract
In this paper, we study the rank polynomial of the distributive lattice of order ideals of
fences and crowns. In particular, we prove the unimodality of these polynomials, we 1nd their
generating functions and we show that they can be expressed in terms of Chebyshev polynomials.
Moreover, we obtain combinatorially an explicit formula for the Whitney numbers. Finally, we
1nd generating functions and recurrences for the sequences of the maxima of such numbers.
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1. Introduction
We recall [12] that a ranked poset is a poset P with a function r :P→N, called
rank, such that r(y)= r(x) + 1 for all elements x; y∈P with x covered by y. When P
is 1nite, the function r is usually chosen so that the minimal elements have rank 0.
The height of P is its maximum rank.
The Whitney number Wk(P) of a ranked poset P is the number of all the elements
of rank k and the rank polynomial of P is the polynomial W (P; q) which has these
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numbers as coeJcients, i.e.
W (P; q)=
∑
k¿0
Wk(P)qk :
As it is well known, the set J(P) of all order ideals of a poset P, ordered by inclusion,
is a distributive lattice. If P is 1nite, then J(P) is ranked with height |P| and its rank
polynomial is monic with degree |P|.
We also recall [2,11] that the fence, or zigzag poset, of order n is the poset
Zn= {x1; x2; : : : ; xn} in which x1¡x2¿x3¡ · · · are the cover relations, while the crown
of order n is the poset Cn= {x1; : : : ; x2n} in which the cover relations are given by
x1¡x2¿ · · ·¡x2n¿x1.
Since the size of J(Zn) is the Fibonacci number fn, we call J(Zn) the Fibonacci
lattice of order n. Similarly, since the size of J(Cn) is the Lucas number l2n, we call
J(Cn) the Lucas lattice of order n.
Note that, as proved in [6], the simple graph underlying the Hasse diagram of J(Zn)
is isomorphic with the Fibonacci cube n, which is the graph whose vertices are the
binary strings of length n without two consecutive ones and whose edges are the pairs
of vertices with unitary Hamming distance. An analogous result holds for the graph
underlying the Hasse diagram of J(Cn) which, as proved in [13], turns out to be
isomorphic with the Lucas cube Ln, which is de1ned as n except for the fact that the
vertices are now the binary strings of length n without two consecutive ones mod n.
Many properties of these graphs have been established by the authors in [3,8,9].
In this paper, our aim is to study the rank polynomial of Fibonacci and Lucas
lattices. In Section 2 we 1nd, in a combinatorial way, some recurrences for the rank
polynomials and the Whitney numbers. In Section 3 the recurrences established in the
above section are used to prove, by induction, the rank-unimodality of these lattices.
This property can be also obtained as a consequence of the existence of a nested chain
decomposition of such lattices [4]. In Section 4 we 1nd the geometric formal series
for the rank polynomials, i.e. for the Whitney numbers. Moreover, we show that the
rank polynomials can be expressed in terms of Chebyshev polynomials. In Section 5,
by interpreting ideals as particular multisets we obtain an explicit formula for the
Whitney numbers and for the total numbers of elements by means of the Principle of
Inclusion–Exclusion. Finally, in Section 6 we determine the geometric formal series
and the recurrences for the sequences of maximum values of the Whitney numbers.
2. Rank polynomials of Fibonacci and Lucas lattices
Let Fn(q) :=W (J(Zn); q) and Cn(q) :=W (J(Cn); q) be the rank polynomials of the
Fibonacci lattice J(Zn) and of the Lucas lattice J(Cn), respectively. So, by setting
fn; k :=Wk(J(Zn)) and cn; k :=Wk(J(Cn)) for the Whitney numbers, we have
Fn(q)=
n∑
k=0
fn; kqk ; Cn(q)=
2n∑
k=0
cn; kqk :
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The polynomials Fn(q) and Cn(q) are monic, and have degree n and 2n, respectively.
Proposition 1. The Whitney numbers of J(Zn) satisfy the recurrence
f2n+2; k+2 =f2n+1; k+2 + f2n; k ; (1)
f2n+3; k+2 =f2n+2; k+1 + f2n+1; k+2 (2)
and the rank polynomials satisfy the recurrence
F2n+2(q)=F2n+1(q) + q2F2n(q); (3)
F2n+3(q)= qF2n+2(q) + F2n+1(q): (4)
Proof. The ideals of Z2n+2 are partitioned according as they contain or not the element
x2n+2. Those which do not contain x2n+2 are all the ideals of Z2n+1, while those which
contain x2n+2 are all of the form I ∪{x2n+1; x2n+2} with I ideal of Z2n.
Similarly, the ideals of Z2n+3 are partitioned according as they contain or not x2n+3.
The former are of the form I ∪{x2n+3} where I is an ideal of Z2n+2, the latter are the
ideals of Z2n+1.
Proposition 2. The rank polynomials Fn(q) satisfy the identities
F2m+2n+3(q)=F2m+1(q)F2n+1(q) + q3F2m(q)F2n(q); (5)
F2m+2n+5(q)= qF2m+2(q)F2n+2(q) + F2m+1(q)F2n+1(q): (6)
Proof. Consider the fence Z2m+2n+3 and its element x2m+2. J(Z2m+2n+3) is partitioned
into two classes. The 1rst class is made of the ideals which do not contain the element
x2m+2 and is equivalent to J(Z2m+1)×J(Z2n+1). The second class is made of the
ideals containing x2m+2, which are of the form I1∪{x2m+1; x2m+2; x2m+3}∪I2 where I1
is equivalent to an ideal of Z2m and I2 is equivalent to an ideal of Z2n. Hence, the 1rst
identity.
In order to obtain the second identity, consider the fence Z2m+2n+5 and its element
x2m+3. Again J(Z2m+2n+5) is partitioned in two classes. The 1rst class is made of the
ideals which contain the element x2m+3 and is equivalent to J(Z2m+2)×J(Z2n+2). The
second class is made of the ideals which do not contain the element x2m+3, and so
neither the elements x2m+2; x2m+4, and is equivalent to J(Z2m+1)×J(Z2n+1).
In particular, for m= n the previous identities become
F4n+3(q)=F2n+1(q)2 + q3F2n(q)2; (7)
F4n+5(q)= qF2n+2(q)2 + F2n+1(q)2: (8)
Proposition 3. The Whitney numbers fn; k satisfy the recurrence
fn+4; k+2 =fn+2; k+2 + fn+2; k+1 + fn+2; k − fn; k ; (9)
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and the rank polynomials Fn(q) satisfy the recurrence
Fn+4(q)= (1 + q+ q2)Fn+2(q)− q2Fn(q): (10)
Proof. Consider the fence Zn+4 and the 1rst element x1. Given an ideal I we have the
following cases: (i) I contain neither x1 nor x2 and so it is an ideal of Zn+4\{x1; x2} 
Zn+2; (ii) I contain x1 but not x2 and so I\{x1} is again an ideal of Zn+4\{x1; x2};
(iii) I contain x1 and x2 and so I\{x1; x2} is an ideal of Zn+4\{x1; x2} which contain x3;
since the ideals of Zn+4\{x1; x2} which do not contain x3 neither contain x4, they are
equivalent to the ideals of Zn. This yields identity (9) and the relation
Fn+4(q)=Fn+2(q) + qFn+2(q) + q2(Fn+2(q)− Fn(q));
which is exactly the identity (10).
Proposition 4. Let Z∗n be the dual poset of the fence Zn. The rank polynomials of
J(Zn) and J(Z∗n ) satisfy the identities
F∗n (q)= q
nFn(1=q); (11)
F∗2n(q)=F2n(q); (12)
F2n+2(q)= qF∗2n+1(q) + F2n(q); (13)
F∗2n+3(q)=F2n+2(q) + q
2F∗2n+1(q); (14)
Proof. The 1rst identity follows from the fact that the number of ideals with k ele-
ments of Z∗n is f
∗
n; k =fn;n−k . The second identity is a consequence of the self-duality
of Z2n. The remaining identities can be obtained in a combinatorial way as above by
considering ideals according as they contain or not the element x1, or can be formally
deduced by (3), (4) and (11).
Proposition 5. The Whitney numbers of J(Cn) satisfy the identities
cn+2; k+3 =f2n+3; k+3 + f2n+1;2n+1−k ; (15)
cn+2; k+2 = cn+1; k + f2n+3; k+2 − f2n−1; k ; (16)
cn+2; k+2 =f2n+4; k+2 − f2n; k ; (17)
and the rank polynomials Cn(q) satisfy the identities
Cn+2(q)=F2n+3(q) + q3F∗2n+1(q); (18)
Cn+2(q)=F2n+3(q) + q2(Cn+1(q)− F2n−1(q)); (19)
Cn+2(q)=F2n+4(q)− q2F2n(q): (20)
Proof. The ideals of Cn+2 are partitioned into those which do not contain the element
x2n+4 and into those which contain it. The 1rst ones are equivalent to the ideals of
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Z2n+3, while the second ones are of the form I ∪{x1; x2n+3; x2n+4} where I is an ideal
of Cn+2\{x1; x2n+3; x2n+4}, which is isomorphic with Z∗2n+1. Hence, the identities (15)
and (18).
The ideals containing x2n+4 can be also characterized in the following way. By
removing x2n+4 and identifying x2n+3 with x1 we obtain a new poset isomorphic to
Cn+1 and our ideals become the ideals of Cn+1 containing x1. Clearly, these ideals
are all the ideals of Cn+1 except those which do not contain x1 (and therefore x2 and
x2n+2), which are equivalent to the ideals of Z2n−1. In conclusion, we have a bijection
between the set of all the ideals of Cn+2 containing x2n+2 and J(Cn+1)\J(Z2n−1). This
yields the identities (16) and (19).
Finally, identity (20) can be easily derived from (13), (18) and (3).
Since the crown Cn is self-dual, also the lattice J(Cn) is self-dual and cn; k=cn;2n−k .
3. Rank-unimodality
We recall [1] that a sequence {a0; a1; : : : ; an} of (positive) real numbers is unimodal
when there exists an index k such that
a06a16 · · ·6ak¿ak+1¿ · · ·¿an:
The maximum element ak is the mode. A polynomial P(q)= a0 + a1q+ · · ·+ anqn is
unimodal when the sequence of its coeJcients is unimodal. A ranked poset is rank
unimodal when the sequence of its Whitney numbers is unimodal [12].
A sequence {a0; a1; : : : ; an} is symmetric when an−k = ak for every k =0; 1; : : : ; n. A
ranked poset is rank symmetric when its Whitney numbers form a symmetric sequence.
Theorem 6. The Fibonacci lattices J(Zn) are rank unimodal with mode at level n=2.
Moreover, J(Zn) is rank symmetric whenever n is even.
Proof. We have to prove that the sequence {fn;0; fn;1; : : : ; fn; n} is unimodal with max-
imum value at k=n=2, for each natural number n.
The property is satis1ed for each n612, as one can immediately see from the
table in Fig. 1. We now proceed by induction on n. Let us assume the unimodality
of the sequence {fm;k}k with maximum value at k=m=2, for all m62n − 1, that
is fm;k6fm;k+1 for 06k¡m=2 and fm;k¿fm;k+1 for m=26k¡m. Our aim is to
prove the unimodality for m=2n and m=2n+ 1.
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Fig. 1. Whitney numbers fn; k of Fibonacci lattices.
We begin by proving that the sequence {f2n; k}k is unimodal with maximum value
at k = n. As a consequence of (11) and (12) such a sequence is symmetric. Let us
consider the inequality f2n; k6f2n; k+1 which, by (1), is equivalent to the inequality
f2n−1; k + f2n−2; k−26f2n−1; k+1 + f2n−2; k−1;
which holds for each k¡n− 1, since by induction f2n−1; k6f2n−1; k+1 and f2n−2; k−26
f2n−2; k−1 whenever k¡n− 1.
Similarly, the inequality f2n; k¿f2n; k+1 is equivalent, by (1), to the inequality
f2n−1; k + f2n−2; k−2¿f2n−1; k+1 + f2n−2; k−1;
which holds for each k¿n, since again by induction we have f2n−1; k¿f2n−1; k+1 and
f2n−2; k−2¿f2n−2; k−1 whenever k¿n.
It remains to study the cases for k = n − 1 and k = n, that is the inequalities
f2n; n−16f2n; n and f2n; n¿f2n; n+1. Yet, by the symmetry of the coeJcients f2n; k , we
have f2n; n−1=f2n; n+1 and so we have only to prove the inequality f2n; n−16f2n; n
which, by (1), is equivalent to the inequality
f2n−1; n−1 + f2n−2; n−36f2n−1; n + f2n−2; n−2;
which, by (2), is equivalent to the inequality
f2n−2; n−2 + f2n−3; n−1 + f2n−2; n−36f2n−2; n−1 + f2n−3; n + f2n−2; n−2:
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By symmetry we have f2n−2; n−3=f2n−2; n+1 and so the above inequality becomes
f2n−3; n−1 + f2n−2; n+16f2n−2; n−1 + f2n−3; n;
which, by (1), is equivalent to
f2n−3; n−1 + f2n−3; n+1 + f2n−4; n−16f2n−3; n−1 + f2n−4; n−3 + f2n−3; n;
which holds since f2n−4; n−1 =f2n−4; n−3 and f2n−3; n+16f2n−3; n by induction. This
completes the case m=2n.
Now we have to prove the unimodality of the sequence {f2n+1; k}k . By (2) the
inequality f2n+1; k6f2n+1; k+1 is equivalent to the following one:
f2n; k−1 + f2n−1; k6f2n; k + f2n−1; k+1;
which holds for each k¡n − 1, since by induction we have f2n; k−16f2n; k and
f2n−1; k6
f2n−1; k+1 whenever k¡n− 1.
Similarly the inequality f2n; k¿f2n; k+1 holds for all k¿n, since f2n; k−1¿f2n; k and
f2n−1; k¿f2n−1; k+1 whenever k¿n.
So it remains to study the cases for k = n−1 and k = n. This time, however, they are
not equivalent. For k=n− 1 we have the inequality f2n+1; n−16f2n+1; n, which, by (2),
is equivalent to the inequality
f2n; n−2 + f2n−1; n−16f2n; n−1 + f2n−1; n:
Since f2n; n−2 =f2n; n+2, the above inequality becomes
f2n−1; n+2 + f2n−2; n + f2n−1; n−16f2n−1; n−1 + f2n−2; n−3 + f2n−1; n:
Since f2n−2; n−3 =f2n−2; n+1, we obtain the inequality
f2n−1; n+2 + f2n−2; n6f2n−2; n+1 + f2n−1; n;
which, by (2), is equivalent to
f2n−2; n+1 + f2n−3; n+2 + f2n−2; n6f2n−2; n+1 + f2n−2; n−1 + f2n−3; n
or
f2n−3; n+2 + f2n−2; n6f2n−3; n + f2n−2; n−1
and this inequality is true, since by induction we have f2n−3; n+26f2n−3; n, and
f2n−2; n6f2n−2; n−1.
Finally, let us consider the case k = n. The inequality f2n+1; n¿f2n+1; n+1, is equiva-
lent, by (2), to the inequality
f2n; n−1 + f2n−1; n¿f2n; n + f2n−1; n+1:
Since f2n; n−1 =f2n; n+1, the above inequality becomes
f2n−1; n+1 + f2n−2; n−1 + f2n−1; n¿f2n−1; n + f2n−2; n−2 + f2n−1; n+1;
that is f2n−2; n−1¿f2n−2; n−2 which is true by induction.
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Fig. 2. Whitney numbers cn; k of Lucas lattices.
Theorem 7. For every n =2, the Lucas lattices J(Cn) are rank unimodal with mode
at level n. J(Cn) is always rank symmetric.
Proof. We have to prove that the sequence {cn+2;0; cn+2;1; : : : ; cn+2;2(n+2)} is unimodal
with maximum value at k = n + 2, for each positive natural number n. As one can
immediately see from the table in Fig. 2, this is true for 36n65.
From the symmetry of the coeJcients cn; k , we have only to prove the inequality
cn+2; k6cn+2; k+1 (21)
for every 06k6n + 1. For k¡n + 1, relation (15) implies that (21) is equivalent to
the inequality
f2n+3; k + f2n+1;2n+1−(k−3)6f2n+3; k+1 + f2n+1;2n+1−(k−2);
which is true, since by Theorem 6 we have f2n+3; k6f2n+3; k+1 and f2n+1;2n+1−(k−3)6
f2n+1;2n+1−(k−2). It remains to prove that cn+2; n+16cn+2; n+2 or equivalently (by the
symmetry of the coeJcients) cn+2; n+36cn+2; n+2. By (15), this last inequality is equiv-
alent to
f2n+3; n+3 + f2n+1; n+16f2n+3; n+2 + f2n+1; n+2;
which, by (2), is equivalent to the inequality
f2n+2; n+2 + f2n+1; n+3 + f2n+1; n+16f2n+2; n+1 + f2n+1; n+2 + f2n+1; n+2;
which, by (1), is equivalent to the inequality
f2n+1; n+2 + f2n; n + f2n+1; n+3 + f2n+1; n+1
6 f2n+1; n+1 + f2n; n−1 + f2n+1; n+2 + f2n+1; n+2
or
f2n; n + f2n+1; n+36f2n; n−1 + f2n+1; n+2:
E. Munarini, N. Zagaglia Salvi / Discrete Mathematics 259 (2002) 163–177 171
Again by (2), we obtain
f2n; n + f2n; n+2 + f2n−1; n+36f2n; n−1 + f2n; n+1 + f2n−1; n+2
and by (1) we have
f2n−1; n + f2n−2; n−2 + f2n−1; n+2 + f2n−2; n + f2n−1; n+3
6f2n−1; n−1 + f2n−2; n−3 + f2n−1; n+1 + f2n−2; n−1 + f2n−1; n+2 :
By (2) we have
f2n−2; n−1 + f2n−3; n + f2n−2; n−2 + f2n−2; n + f2n−2; n+2 + f2n−3; n+3
6f2n−2; n−2 + f2n−3; n−1 + f2n−2; n−3 + f2n−2; n + f2n−3; n+1 + f2n−2; n−1;
that is
f2n−3; n + f2n−2; n+2 + f2n−3; n+36f2n−3; n−1 + f2n−2; n−3 + f2n−3; n+1:
Since f2n−2; n+2 =f2n−2; n−46f2n−2; n−3, f2n−3; n+36f2n−3; n+1 and f2n−3; n6f2n−3; n−1,
the above inequality is satis1ed.
4. Formal series for the rank polynomials
In this section, we will 1nd the formal power series for the rank polynomials of and
Lucas lattices. Let An(q):=F2n(q) and Bn(q):=F2n+1(q). The recurrence (10) immedi-
ately yields the recurrences
An+2(q)= (1 + q+ q2)An+1(q)− q2An(q);
Bn+2(q)= (1 + q+ q2)Bn+1(q)− q2Bn(q):
In order to determine the series
A(q; x)=
∑
n¿0
F2n(q)xn; B(q; x)=
∑
n¿0
F2n+1(q)xn;
we recall [10] that the incremental ratio of a formal power series S(x)=
∑
n¿0 snx
n
is the series
RS(x) :=
S(x)− S(0)
x
=
∑
n¿0
sn+1xn:
Therefore, from the above recurrences we obtain the equations
R2A(q; x)= (1 + q+ q2)RA(q; x)− q2A(q; x);
R2B(q; x)= (1 + q+ q2)RB(q; x)− q2B(q; x):
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Since the initial conditions are
A0(q)=F0(q)= 1; A1(q)=F2(q)=1 + q+ q2
B0(q)=F1(q)=1 + q; B1(q)=F3(q)= 1 + 2q+ q2 + q3;
it is straightforward to obtain the series
A(q; x)=
1
1− (1 + q+ q2)x + q2x2 ; (22)
B(q; x)=
1 + q− q2x
1− (1 + q+ q2)x + q2x2 : (23)
Let now F(q; x) be the geometric formal series for the polynomials Fn(q). Then,
F(q; x) =
∑
n¿0
Fn(q)xn
=
∑
n¿0
F2n(q)x2n +
∑
n¿0
F2n+1(q)x2n+1
= A(q; x2) + xB(q; x2)
and so
∑
n¿0
Fn(q)xn=
1 + (1 + q)x − q2x3
1− (1 + q+ q2)x2 − q2x4 : (24)
For the polynomials F∗2n+1(q) we have the formal series
F∗(q; x) :=
∑
n¿0
F∗2n+1(q)x
n=
∑
n¿0
q2n+1F2n+1
(
1
q
)
xn= qB
(
1
q
; q2x
)
;
that is
F∗(q; x)=
1 + q− qx
1− (1 + q+ q2)x + q2x2 : (25)
Therefore, from (18), we have the equation
R2C(q; x)=RB(q; x) + q3F∗(q; x):
By extending recurrences (3) and (4) to negative integers, from (18) we obtain the
(formal) initial condition C0(q)= 2. On the other hand, we have the (combinatorial)
initial condition C1(q)= 1 + q + q2. Hence, from the above equation, we obtain the
series
C(q; x) :=
∑
n¿0
Cn(q)xn=
2− (1 + q+ q2)x
1− (1 + q+ q2)x + q2x2 : (26)
We conclude this section with the following:
E. Munarini, N. Zagaglia Salvi / Discrete Mathematics 259 (2002) 163–177 173
Theorem 8. The rank polynomials of Fibonacci and Lucas lattices have the following
expressions:
F2n(q)= qnUn
(
1 + q+ q2
2q
)
; (27)
F2n+1(q)= qn+1Un+1
(
1 + q+ q2
2q
)
− qn+2Un
(
1 + q+ q2
2q
)
; (28)
Cn(q)= 2qnTn
(
1 + q+ q2
2q
)
; (29)
where Tn(t) and Un(t) are Chebyshev polynomials of the 9rst and the second kind,
respectively.
Proof. We recall that the geometric formal series of the Chebyshev polynomials are
∑
n¿0
Un(t)xn=
1
1− 2tx + x2 ;
∑
n¿0
Tn(t)xn=
1− tx
1− 2tx + x2 :
Hence, from
A(q; x)=
1
1− 2((1 + q+ q2)=(2q))(qx) + (qx)2 ;
C(q; x)= 2
1− (1 + q+ q2)=(2q)(qx)
1− 2((1 + q+ q2)=(2q))(qx) + (qx)2 ;
we obtain identities (27) and (29). Finally, since F2n+1(q)=F2n+2(q) − q2F2n(q), we
have identity (28).
5. Whitney numbers of J(Z2n)
In this section, our aim is to obtain, in a combinatorial way, an explicit expression
for the Whitney numbers of J(Z2n). We recall some de1nitions [10,11]. A multiset
on a set S is a function  : S→N, where N is the set of the natural numbers;  (x) is
the multiplicity of the element x∈S; the order of  is the sum of all the multiplicities,
that is
ord( ):=
∑
x∈S
 (x):
A 2-9ltering multiset on S is a multiset  such that  (x)62, for each x∈S. We write
M (3)n; k for the set of all the 2-1ltering multisets on [n] := {1; 2; : : : ; n} of order k. The
size of M (3)n; k is given by the trinomial coe:cient (
n; 3
k ) (see [2]). The combinatorial
meaning of these numbers immediately implies the identity
(1 + q+ q2)n=
2n∑
k=0
(
n; 3
k
)
qk :
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First we give a combinatorial interpretation of the ideals of the fence Z2n in terms of
a suitable kind of multisets on [n]. Then, by means of this interpretation, we 1nd the
numbers f2n; k using of the Principle of Inclusion–Exclusion.
For simplicity we write x1; : : : ; xn for the elements of rank 0 of Z2n and y1; : : : ; yn
for those of rank 1, so that yi covers xi and xi+1 for 16i6n−1 and yn just covers xn.
To an ideal I of Z2n we associate the multiset  on [n] de1ned by
 (i)=


0 if xi =∈I; yi =∈I;
1 if xi∈I; yi =∈I;
2 if xi∈I; yi∈I:
Clearly, I is an ideal of Z2n if and only if  is a 2-1ltering multiset on [n] satisfying
the following property: if  (i)= 2 then  (i + 1) =0, for every i=1; 2; : : : ; n − 1. So
we have a bijection between J(Z2n) and the set of all these multisets, where an ideal
of size k corresponds to a multiset of order k.
We can now obtain the Whitney numbers of J(Z2n) by means of the Principle of
Inclusion–Exclusion. Let Ai be the set of all the 2-1ltering multisets  of order k on
[n] such that  (i)= 2 and  (i+1)=0. Therefore, fn; k = |A′1 ∩ · · · ∩A′n−1| and, by the
Sylvester formula,
fn; k =
∑
S⊆[n−1]
(−1)|S|
∣∣∣∣∣
⋂
i∈S
Ai
∣∣∣∣∣ :
If S contains two consecutive elements, then the intersection
⋂
i∈S Ai is empty. Indeed,
if j; j + 1∈S then for each  in such an intersection we should have 0=  (j + 1)=2
which is impossible. We say that S is a scattered subset if it does not contain two
consecutive elements. So the sum in the above identity runs just over the scattered
subsets of [n− 1].
On the other hand, if S is a scattered subset of [n − 1], then each  ∈⋂i∈S Ai is
de1ned on i and i+1, for each i∈S. Hence,  is equivalent to an arbitrary 2-1ltering
multiset on [n]\(S∪(S + 1)), where S + 1 := {i + 1: i∈S}. So we have the bijection⋂
i∈S
Ai =M
(3)
n−2|S|; k−2|S|;
which does not depend on the set S but only on its size. Therefore, since there are
( n−ii ) scattered subsets with i elements on [n−1] and the size of M (3)n; k is the trinomial
coeJcient ( n; 3k ), we obtain the following
Theorem 9. The Whitney numbers of J(Z2n) have the explicit expression
f2n; k =
n=2∑
i=0
(
n− i
i
)(
n− 2i; 3
k − 2i
)
(−1)i : (30)
Consider now the crown Cn. Again we represent ideals of Cn as 2-1ltering multisets  
on [n] such that if  (i)= 2 then  (i+ 1) =0, for every i=1; 2; : : : ; n (where i+ 1=1
when i=n).
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Let Ai be de1ned in a similar way as before. Then
cn; k = |A′1 ∩ · · · ∩A′n−1 ∩A′n|=
∑
S⊆[n]
(−1)|S|
∣∣∣∣∣
⋂
i∈S
Ai
∣∣∣∣∣ :
This time the intersection
⋂
i∈S Ai is empty whenever S contains two consecutive ele-
ments mod n.
On the other hand, if S does not contain two consecutive elements mod n, then as
before we have∣∣∣∣∣
⋂
i∈S
Ai
∣∣∣∣∣ =
(
n− 2|S|; 3
k − 2|S|
)
:
Therefore, since there are ( n−ii )n=(n− i) i-subsets of [n] without two consecutive ele-
ments mod n, we have the following
Theorem 10. The Whitney numbers of J(Cn) have the following explicit expression:
cn; k =
n=2∑
i=0
(
n− i
i
)
n
n− i
(
n− 2i; 3
k − 2i
)
(−1)i : (31)
Finally, in a quite similar way, we can obtain the identities
f2n=
n∑
k=0
f2n; k =
n=2∑
i=0
(
n− i
i
)
(−1)i3n−2i ; (32)
l2n=
n∑
k=0
cn; k =
n=2∑
i=0
(
n− i
i
)
n
n− i (−1)
i3n−2i : (33)
These arguments can be adapted to generalized fences and crowns, but this will be the
subject for a separate note [7].
6. Sequences of maximum Whitney numbers
Consider the sequence {f2n; n}n={1; 1; 2; 5; 11; 26; 63; 153; 376; : : :} of maximum Whit-
ney numbers of Fibonacci lattices of even index. The geometric formal series of these
numbers is given by [2,5]
∑
n¿0
f2n; nt n=
1
2$i
∫
%
A
(
z;
t
z
) dz
z
;
where A(q; x) is the series (22) associated to the coeJcients f2n; k . We have
A
(
z;
t
z
) 1
z
=
1
−tz2 + (1− t + t2)z − t ;
176 E. Munarini, N. Zagaglia Salvi / Discrete Mathematics 259 (2002) 163–177
where the polynomial in z in the denominator has the roots
z±=
−(1− t + t2)±
√
(1− t + t2)2 − 4t2
−2t
of which only z+→ 0 as t→ 0. Therefore, by the residue theorem, we have
∑
n¿0
f2n; nt n= lim
z→z+
z − z+
−t(z − z+)(z − z−) =
1
−t(z+ − z−) ;
that is
∑
n¿0
f2n; nt n=
1√
(1− t + t2)2 − 4t2 =
1√
1− 2t − t2 − 2t3 + t4 : (34)
Exactly as before we obtain the following formal series for the sequence {f2n+1; n}n=
{1; 2; 3; 7; 17; 40; 97; 238; 587 : : :} of maximum Whitney numbers of Fibonacci
lattices of odd index
∑
n¿0
f2n+1; nt n=
1 + 2t2 − t3 − (1− t)√1− 2t − t2 − 2t3 + t4
2t
√
1− 2t − t2 − 2t3 + t4 : (35)
Finally, for the sequence {cn; n}n={ 2; 1; 1; 4; 9; 21; 52; 127; 313; 778; : : :} of maximum
Whitney numbers of Lucas lattices we get the series
∑
n¿0
cn; nt n=1 +
1− t2√
1− 2t − t2 − 2t3 + t4 =
1− t2 +√1− 2t − t2 − 2t3 + t4√
1− 2t − t2 − 2t3 + t4 :
(36)
Let P(t), Q(t) and R(t) be the series (34), (35) and (36), respectively. Moreover, let
pn :=f2n; n, qn :=f2n+1; n and rm :=cn; n. For the series P(t), Q(t) and R(t) we have the
relations
2tQ(t)= (1 + 2t2 − t3)P(t)− 1 + t; (37)
2tR(t)= 1 + (1− t2)P(t); (38)
which yield the identities (for n¿2)
2qn=pn+1 + 2pn−1 − pn−2; rm=pn − pn−2:
By diPerentiating (34), one obtains the identity
(1− 2t − t2 − 2t3 + t4)P′(t)= (1 + t + 3t2 − 2t3)P(t); (39)
which yields the recurrence
npn − (2n− 1)pn−1 − (n− 1)pn−2 − (2n− 3)pn−3 + (n− 2)pn−4 = 0
for every n¿4.
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By diPerentiating identity (37) and taking account of (39) and (37), one obtains the
identity
(2t − 4t2 + 2t3 − 14t4 + 2t5 − 6t6 + 8t7 − 2t8)Q′(t)
+ (2− 6t − 8t2 − 2t3 − 6t5 + 2t6)Q(t) + 10t2 − 2t − 2=0;
which yields the recurrence
(n+ 1)qn − (2n+ 1)qn−1 + (n− 6)qn−2 − (7n− 20)qn−3
+ (n− 4)qn−4 − 3(n− 4)qn−5 + (4n− 23)qn−6 − (n− 7)qn−7 = 0
for every n¿7.
Finally, by diPerentiating identity (38) and taking account of (39), one obtains the
identity
(t − 2t2 − t3 − 2t4 + t5)(R′(t) + 1)=(1− t + t3 − t4)(R(t)− 1);
which yields the recurrence
(n− 1)rn − 2(n− 1)rn−1 − (n− 2)rn−2 − (2n− 5)rn−3 + (n− 3)rn−4 = 0
for every n¿4.
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